Abstract. The aim of the paper is to give a synthetic proof that in a symmetric Minkowski plane the Benz's (G) axiom holds (without using the algebraic representation).
Introduction
The foundations of Minkowski planes were built in the late sixties by R. Artzy, W. Benz, W. Heise, H. Karzel and others (cf. [1] , [3] , [4] , [7] , [8] ). Two large and well-investigated classes of models of Minkowski planes are determined by the symmetry axiom (S) (cf. [7] ) and the rectangle axiom (G) ( [3] ). It is well known that the axiom (S) determines the class of miquelian planes over commutative fields and the axiom (G) the larger class of planes connected with so called Tits near-fields ( [6] ). It follows that the symmetry axiom implies the rectangle axiom but all known proofs have been indirect. They involve the algebraic representation of the planes. As a generalization of Minkowski planes by omitting the touching axiom (T) hyperbola structures are considered (cf. [3] , [7] ). The geometry of the graphs of a sharply 3-transitive permutation set is a hyperbola structure (cf. [7] ). The rectangle axiom is equivalent to the fact that the permutation set describing the hyperbola structure is closed under composition (cf. [3] ). Hyperbola structures fulfilling (S) correspond to symmetric sharply 3-transitive permutation sets. In the fine paper [13] Karzel proved that every symmetric sharply 3-transitive permutation set is isomorphic to PGL(2, K), where K is a commutative field, hence the corresponding hyperbola structure is a symmetric Minkowski plane and satisfies the rectangle axiom (G). The synthetic proof that the touching axiom (T) is a consequence of the symmetry axiom is given in [7] . The aim of this paper is to present a direct, synthetic proof of the implication (S) → (G) and to explain the geometric connection between the two axioms. Our proof is long, but this point of view provides a natural and intrinsic characterization of orthogonality in symmetric Minkowski planes. In some considerations we use ideas of Karzel from [13] and give them a geometric interpretations. In Section 2 we give a synthetic proof that (S) implies both conditions of Dienst ([5] ) (⋆) Every symmetry with respect to any circle is an automorphism.
(⋆⋆) The composition of three symmetries with respect to circles of a bundle is the symmetry with respect to a circle (of this bundle). In Section 3 we define Minkowski planes of characteristic two independently of the notion of the characteristic of translation planes. For other Minkowski planes we introduce harmonic relation of generators. Then we define and characterize an involutory automorphism with two pointwise fixed generators called harmonic homology. In Section 4 we obtain some configuration theorems which can be regarded as special cases of the rectangle axiom with orthogonality of suitable circles in assumptions. Especially the configurations from Lemma 4.1 and Corollary 4.4 appeared useful for a description of ordered Minkowski planes in our next prepared paper. In this section we use the language of permutation set for a brief exposition of results. However all presented statements have clear geometric interpretations. Acknowledgement The authors wish to thank the reviewer for the many helpful suggestions.
Notations and basic definitions.
Let P be a non empty set of points and Λ, Σ 1 , Σ 2 non empty subsets of the power set of P with Σ 1 ∩ Σ 2 = ∅; the elements of Λ and Σ 1 ∪ Σ 2 will be called circles and generators respectively. M := (P, Λ, Σ 1 ∪ Σ 2 ) is called hyperbola structure if the following conditions are valid: (H1) For each point p ∈ P and i ∈ {1, 2} there is exactly one generator G ∈ Σ i with p ∈ G (notation [p] i := G). 
there is exactly one circle C ∈ Λ such that a, b, c ∈ C. (H5) There exists a circle containing at least three points. For any point p ∈ P the incidence structure M p := (P p , Λ p ), where
∈ B} is called the derived structure of M in the point p (cf. [7] ). A hyperbola structure M = (P, Λ, Σ 1 ∪ Σ 2 ) is called a Minkowski plane if it has the property: (T) (Touching axiom ) For any circle C ∈ Λ, any a ∈ C and any
there is exactly one circle B ∈ Λ with b ∈ B and C ∩ B = {a}. M is a Minkowski plane if and only if the derived structure M p in any point p is an affine plane. For points p, q and K ∈ Λ we write
the unique circle through p, q, r is denoted by (p, q, r)
• . A set of points X is called concyclic if there exists a circle K ∈ Λ such that X ⊂ K. If p / ∈ [q], the set p, q := {K ∈ Λ|p, q ∈ K} is called the bundle with vertices p, q. If p ∈ K, for some circle K, the set (p, K) = {L ∈ Λ|p ∈ L, L ∩ K = {p}} is called the pencil determined by the vertex p and the circle K(the pencil of tangent circles with vertex p and direction K). Two points p, q are called symmetric with respect to a circle K if pq,qp ∈ K. The point symmetric to p with respect to a circle K is denoted by S K (p). For a circle K the involutory bijection S K fixing the points of K and exchanging the sets Σ 1 , Σ 2 is called the circle symmetry with respect to
In this paper we consider only hyperbola structures satisfying the following symmetry axiom (cf. [3] , [4] , [7] ):
If a hyperbola structure satisfies (S), then it is a Minkowski plane (cf. [7] ), so we call it the symmetric Minkowski plane. Until further notice we assume that M := (P, Λ, Σ 1 ∪ Σ 2 ) is a symmetric Minkowski plane. We repeat this assumption only in the theorems. The main idea of the paper is to present a synthetic proof that every symmetric Minkowski plane fulfils the following rectangle axiom (cf. [3] , [4] ) (G) Let {p i |1 ≤ i ≤ 4}, {q i |1 ≤ i ≤ 4} be two concyclic sets of different points such that {p i q i |1 ≤ i ≤ 4} is also a concyclic set of points. Then the set of points {q i p i |i = 1, ..., 4} is concyclic. Since the proof of the implication (S) → (T) given in [7] is synthetic, next we will use the touching axiom.
Properties of symmetries with respect to a circle
We use the following connection between orthogonality and tangency in the pencil of tangent circles with vertex p.
• is orthogonal to K and tangent to M at p by (⇒). We obtain L ′ = L by the touching axiom.
In order to make all the constructions possible we assume that every circle contains at least 8 points. This is no loss of generality because in another case the plane is easy to describe (cf. [9] ). 
, and let J ′ be the unique circle passing through x ′ and tangent to J at p. We show that y
• . By (S), K⊥I. Since I ∩ J = {p}, we have K ⊥ J by Proposition 2.1 and the points x, y are symmetric with respect to K. If a 1 = Ix and b 1 = yI, then Ka 1 = Kx = yK = b 1 K and so a 1 , b 1 are symmetric with respect to K. Since
According to the touching axiom, J ′′ = J ′ and y ′ ∈ J ′ . If a = b, it is enough to consider the point z ∈ J such that Iz = a and zI = Iy. By the first part of the proof we conclude that S I (z) ∈ J ′ and finally that y
• and y be an arbitrary point such that y ∈ J, y = a, b, x. Then
• . By (S), we obtain K⊥I, J, J ′ and f ∈ K. We define e 1 = eI, e 2 = Ie, f 1 = If , f 2 = f I. As I⊥K, we deduce that e 1 , e 2 and f 1 , f 2 are symmetric with respect to K. So we have
Lemma 2.1. Let I, J ∈ Λ and x, y ∈ J \ I be different points. If x 1 = J(xI) and
• . By construction, it follows from (S) that K, L ⊥ I, J. We introduce the following points:
The points a 1 and b 1 are symmetric with respect to K because a 1 K = Kb 1 = e and I⊥K. Analogously, we show successively that the pairs of points (x 1 , y 1 ), (a 2 , b 2 ), (x 2 , y 2 ), (a 3 , b 3 ) are symmetric with respect to K. In the same way we show that (x, 
Using the previous symmetries we get consecutively x Proof. Let J ∈ Λ. If I ∩ J = ∅, then S I (J) is a circle by Propositions 2.2 and 2.3. Assume that I ∩ J = ∅. Let x ∈ J and x 1 , x 2 be as in Lemma 2.1. Then Lemma 2.1 shows that S I (y) ∈ (S I (x), S I (x 1 ), S I (x 2 ))
• for all y ∈ J. 
• . According to
. Let y 1 = S I (y), y 2 = S J (y 1 ), y 3 = S K (y 2 ) and N = (r, s, y)
• ⊥I, J, K. It follows that the points z 1 = S I (z), z 2 = S J (z 1 ), z 3 = S K (z 2 ) belong to P . We obtain successively the chain of equalities: Just as for bundles, we have the theorem on reduction for pencils of tangent circles.
Proof. The composition S K • S J • S I is an automorphism which induces on the derived affine plane M p a central collineation with improper center corresponding to the ideal point of the pencil of circles orthogonal to K in p. The axis of the collineation is a proper line (because each symmetry exchanges the sets Σ 1 and Σ 2 ), so we get a pointwise fixed circle passing through p, tangent to K. Proof. (fig. 5 ) ⇒ Since I ⊥ J, for x ∈ I ∪ J, we have
We obtain Ja = Jx ′ = x ′′ J = cJ, so the points c and a are symmetric with respect to J. Similarly, b and d are symmetric with respect to J. We obtain xJ = aJ = Jc = Jx 1 and Jx = Jb = dJ = x 1 J. Hence x, x 1 are symmetric with respect to J. ⇐ For any x ∈ I we have S I • S J (x) = S J • S I (x) = S J (x), hence S J (x) ∈ I. Proof. Since I ∩ J = {p} and I⊥K, we have K⊥J by Proposition 2.1. As K, I⊥J and p ∈ I, J, K, it follows that K ∩ I = {p} by Proposition 2.1. Proposition 3.3. If I ∩ J = {p, q} and I⊥J, then for every circle K ∈ p, q there exists exactly one L ∈ p, q such that L⊥K.
Proof. By Theorem 2.2, there exists
we obtain a contradiction with Proposition 2.1.
The following theorem allows us to introduce the definition of symmetric Minkowski planes of characteristic 2.
Theorem 3.1. Let M be a symmetric Minkowski plane. If there exists a pair of orthogonal and tangent circles, then every pair of tangent circles is orthogonal and every pair of orthogonal circles has at most one common point.
Proof. First we prove the second part of the theorem. Since any pair of different points can be transformed in any other by a composition of two symmetries and each symmetry preserves orthogonality (Corollary 2.1), it is enough to show that the following is impossible: I⊥J, I ∩ J = {p} and K⊥L, K, L ∈ p, q for some
To prove the first part assume that I ∩ J = {p}. If K ∈ Λ, p ∈ K, K = I and K⊥J, then by the already proven part of the theorem we get K ∩ J = {p}. In particular K ∩ I = {p} and K⊥J. From Proposition 2.1 we obtain I⊥J.
By Theorem 3.1, we can introduce the following definition. We use the notation charM = 2 in the case M is not of characteristic 2 although we don't define another characteristic of Minkowski planes. This doesn't arise confusion and agrees with the usually used notation (cf. [5] , [6] , [7] ). From the definitions we remark that charM = 2 exactly when for some points p, q with p / ∈ [q] there exists a double homothety with centers p, q (cf. [11] ). For such planes the existence of one homothety implies that all the possible double homotheties exist. From Proposition 3.1 and [11, Proposition 2.2], we get the following characterization of involutory homotheties of symmetric Minkowski planes. For M = (P, Λ, Σ 1 ∪ Σ 2 ) with charM = 2, A, B ∈ Σ i and A = B we may put the following two definitions. Proof. S A,B is an involutory bijection preserving the sets Σ i because double homothety is an involution.
We now turn to the case of characteristic two. Proof. Let K ∈ Λ with p ∈ K and x, x ′ be different points of K with x,
• is orthogonal to K. By Definition 3.2 and Theorem 3.1 L is tangent to K in a point p. The automorphism S L • S K , according to Proposition 3.1, is an involution exchanging x, x ′ , and induces a translation of M p . In the same manner we can obtain the transitivity of translations of M p in any other direction determined by a circle. By [10, Theorem 4.19, p. 100], we obtain the transitivity of translations with the direction determined by Σ 3−i . From the proof of [10, Theorem 4.19] it follows that these translations are compositions of translations with directions determined by circles, so they are induced by automorphisms of M. They are also involutions by [10, Theorem 4.14, p. 97].
Remark 3.2. From Corollary 3.2 and Proposition 3.5 it follows that on a symmetric Minkowski plane for different generators A, X, Y ∈ Σ i there exists an involutory automorphism which fixes A pointwise and exchanges X and Y (see [6] for this fact for Minkowski planes with axiom (G)). 
The proof of postulate G
We begin with the main lemma.
Lemma 4.1. Let p, q ∈ P and K, L, M, N ∈ Λ satisfy the following conditions:
Proof. (fig. 6 ) Assume that charM = 2. We define the points r = pM , s = pN , t = qL and u = qK. By orthogonalities of suitable circles, we get r ∈ [t] 2 and s ∈ [u] 2 . For x ∈ K ∩ L, x = p consider the harmonic homology ϕ = S P,X , where
By definition of ϕ, we get ϕ(K) = L and ϕ(t) = u. Hence ϕ(s) = r and ϕ(M ) = N . By assumptions, ϕ(l) = k, ϕ(m) = n and l ∈ [m] 2 . We finally get k ∈ [n] 2 . In the case charM = 2 the proof is analogous. Instead of the automorphism S P,X we use a translation with pointwise fixed generator P which maps t to u; such a translation exists by Proposition 3.5 and is involutory. 
Proof. (fig. 7 ) Consider the points t = dd ′ , u = bb ′ and the orthogonal circles T = (s, t, q)
• , U = (u, p, r)
In the remainder of this section we fix an arbitrary circle E. It is well known that every K ∈ Λ determines the permutation f K : E → E by the formula f K (x) = (Kx)E for x ∈ E and vice versa (cf. [3] , [6] , [7] , [13] ). By definition, f E = id E . According to (S), if K⊥E, then f 2 K = id E . The involution corresponding to a circle K, K⊥E will be denoted by i K . According to Theorem 2.1, for any f K , there exists the permutation f −1
. Now we are going to show that the permutation set {f K |K ∈ Λ} is closed under composition. This is equivalent to the rectangle axiom. 
Proof. Assuming E := M in Lemma 4.1, we get f K = i L • i N , so it is enough to show the existence of suitable circles.
• . If L⊥N and charM = 2 the unique circle K such that K ∈ qL, S N (qL) and K⊥L (Proposition 3.3) is the circle we are looking for. The case charM = 2 and L⊥N is impossible by Proposition 3.6.
(ii) In the case K⊥ ∠E the assertion follows for the circles N = (q,
• . If K⊥E and charM = 2, we take the circles N, L such that N ∈ q, S K (q) , N ⊥E, L ∈ qK, S E (qK) and L⊥K.
Remark 4.1. Corollary 4.1 enables one to represent any permutation f K as a composition of two involutions one of which has a fixed point (in the case charM = 2 with the assumption that f K is not an involution). Analogously to Corollary 4.1, from Lemma 4.2, we obtain
Proof. Let charM = 2. There exists a point q = p such that q ∈ E ∩ L and q / ∈ N by Proposition 2.1 ( fig. 8) . From part (i) of Corollary 4.1 it follows that there exists fig. 9 ). Hence (L(yE))K = Ky and this means that i L • i N (x) = f K (x). We remark that in this case f K is an involution. 
Proof. If charM = 2, this is obvious. Let x ∈ E, y = Kx, q = (L(yE))y and let N be a circle tangent to L at p and passing through q ( fig. 10) . By Proposition 4.1, there exists K ′ ∈ Λ such that i L • i N = f K ′ and K ′ ∩ E = {p}. From the construction of f K ′ we get y ∈ K ′ , so K = K ′ . Proof. Let K be an arbitrary circle such that K ∩L = ∅, K ∩T = ∅ and K⊥T . Then f K = i T • i S for some S ∈ Λ such that S ∩ E = ∅, so we get 
